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zenem L i N 0 3 als in festem L i 2 S 0 4 . Eine weitere 
Diskussion dieser Tatsache soll anstehen, bis die 
laufenden Messungen an anderen Salzschmelzen ab-
geschlossen sind. 

Die Arbeit ist von Wilhelm och Martina Lundgrens 
vetenskapsfond und Statens räd för atomforskning 
finanziell unterstützt worden. Wir danken Herrn M. 
L Ö V E N B Y für seine Mitwirkung bei der massenspektro-
metrischen Analyse. 
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Es wird eine Näherungsmethode für die Best immung der We l l en funkt i on molekularer Systeme 
vorgeschlagen, von welcher man in erster L in ie in denjenigen Gebieten des Konf igurat ionsraumes 
eine gute Näherung erwarten kann, wo eine bel iebige , gegebene Gewichtsfunktion große Absolut -
werte hat. 

The approximate wave functions of molecular 
systems are usually determined by the variational 
principle 

{H) = {xp\H | v ) = e x t r . ; < y | y ) = l (1 ) 

where H denotes the HAMiLTONian of the system. In 
domains which are of little importance for the value 
of (H), these wave functions may be a very poor 
approximation of the exact one even if (H) is a 
good approximation of the empirical energy of the 
system. Thus, if these domains are important for 
the expectation value of a physical quantity / , 
(W I / i W) may be a very poor approximation of the 
exact expectation value 1. 

Since the improvement of the approximation by 
increasing the number of the variational parameters 
in rp leads to rather tedious calculations and the con-
vergence is often unsatisfactory, P R E U S S 2 raised the 
idea to determine the optimal values of the para-
meters from such criteria which ensure a good ap-
proximation of the exact wave function primarily 
in those regions where | / j is large in order to ob-
tain good results with relatively simple wave func-
tions 3. This can be achieved by determining the 

1 In the f o l l owing we assume that / is only a funct ion of 
the co-ordinates of the electrons but not a funct ion of 
their momenta . 

2 H. PREUSS, Z . Naturforschg. 13 a. 439 [ 1 9 5 8 1 ; 16 a, 598 
[ 1 9 6 1 ] . 

3 Thus the opt imal values of the parameters slightly depend 
on the physical quantity f, the expectat ion value of which 
w e want to calculate . 

approximate wave function from the P R E U S S equa-
tion 4 

S\f(H-{H)) V | 2 d T = m i n ; ( v | v ) - l . ( 2 ) 

In the following a new method will be proposed 
for the determination of rp, from which one can 
similarly expect an improved approximation in do-
mains where ; / is large, but which avoids the cal-
culation of matrix elements involving H2 and there-
fore in some cases can be considerably less tedious 
than the P R E U S S method. 

Let be ip an approximate wave function involv-
ing the free parameters . . . a m . We choose a set 
of linearly independent functions f t . . . / „ ; (n m), 
which depend on the same co-ordinates as / , and 
which satisfy the conditions 

T Z W , (3 a) 
1 = 1 

l / - / « l < l / | . (3b) 

at least in those domains which are important for 
the value of (tp \ / j ip). n can be even infinite, e. g. 
if the fi s involve continuously varying parameters. 

4 There are two reasonable choices of ( H ) : (a) to determine 
(H) by eq . ( 1 ) , (b ) to vary rp also in { H ) . Naturally xp 
must be flexible enuogh to m a k e possible a good approxi -
mation of the exact { H ) . C h o i c e (b ) sl ightly increases the 
sensitiveness of the method in regions where | / | is small 
and this may be advantageous in cases when such regions 
o c cupy a cons iderab le part of the system. 
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Let us consider the expression 4 6 

» ¿ i (w\fi \ v) ^ ^ 

iF will be small (a) if y is a good approximation 
of the exact wave function, primarily in those do-
mains where / is large (b) if the positive and 
negative parts of the integrands in each 

(xp\h(H-(H))\xp) 

compensate each other. The possibility (b) can be 
excluded by the careful choice of the /¿'s 7 . Thus, if 
the values of the parameters . . . ctm are determin-
ed by the condition 

r = min (5) 

we can expect that xp will be a good approximation 
of the exact wave function, primarily in those re-
gions, where / is large. 

There is undoubtedly some arbitrariness in the 
choice of the /¿'s, similar to the arbitrariness in the 
choice of the basic points in the „local energy 
method" 8. However, if xp is a good approximation 
of the exact wave function, the best values of the 
parameters a x . . . am are rather insensitive to chan-
ges in the fi s which are compatible with the condi-
tions (3 ) , and thus the result is only slightly affect-
ed by this arbitrariness. 

This can readily be seen in the following example. 
The expectation value of f = r2 has been calculated in 
the ground state of the helium atom by means of the 
wave function xp ~ exp{ — Z(r1 + r2)}, regarding Z as 
a variable parameter. Four different sets of /¿'s have 
been used: 

1. A = / ; (n = 1 ) 

2- fi=f; f2 = r12exp{- ¿ Z r J ; fs = r12exp{isZr1}; 
(« = 3) 

3- fi — ''i2exp{j3ir1}, fii varying continuously in the 

5 If the ft s invo lve c o n t i n u o u s l y vary ing parameters , the 
s u m m a t i o n over i involves a lso an integrat ion over these 
parameters . 

6 W e assume that <xp | fi | xp) is o f the same o rder of mag-
n i tude f o r every fi. If fi 0 these c o n d i t i o n s are auto-
mat i ca l ly satisf ied b e c a u s e of the c o n d i t i o n s ( 3 ) . If 
(xp | / | xp} « i 0 it is adv i sab l e t o r e p l a c e / b y f2. 

7 I f xp is o n l y an a p p r o x i m a t e w a v e f u n c t i o n , W=0 pre-
sumes (xp | fi(H—(H)) | xp) = 0 f o r al l / i ' s , and there are 
o n l y m p a r a m e t e r s to sat is fy these m equat ions . 

interval — A Z Z ; (71 = 00). The integration 
over Pi has been carried out by the S I M P S O N rule. 

4. / i = / ; /2 = r 1 2 e x p { - h Z r x } ; (n = 2) . 
The last set of /¡'s is slightly incompatible with the 

condition (3 a) ! 
In Table 1 the values obtained for (xp \f\xp)9 are 

compared with the exact value 10 and with the value 
obtained by the usual variational method. 

< V 1 / 1 V > Best Z 

( a t o m i c units ) 

E x a c t 1 ,193 
Var iat ional 1 ,053 1 ,688 
1) 1 ,136 1 ,625 
2 ) 1 ,147 1 ,617 
3 ) 1 ,139 1 ,623 
4 ) 1 ,145 1 ,619 

T a b l e 1. 

N o t e . If we replace (H) in (xp\U(H- (H))\xp) 
by the empirical value, a considerable part of the 
integration difficulties can be avoided by suitable 
choice of the /¿'s. A possible choice of this kind is 

fi= ~ n XkpikykqikZkik 
T k 

or any linear combination of such products, where 
xk , yk, are the cartesian co-ordinates of the fi th 
electron and p^., q ^ , r a r e non-negative integers 
satisfying the condition (xp \ fi | xp) =1= 0. If xp is an 
L C A O - M O wave function which may involve con-
figuration interaction, the most difficult integrals 
occuring in (xp \ fi(H — (H)) | xp) are two-centre 
C O U L O M B integrals. This procedure may be useful 
even if it requires loosening of the restrictions ( 3 ) . 

A c k n o w l e d g m e n t . Thanks are due to Prof. 
P. G O M B A S , Dr. E . K A P U Y and in particular to Dr. H. 
P R E U S S for valuable remarks. 

8 T h e l o ca l energy m e t h o d is c l o se ly re lated to the m e t h o d 
p r o p o s e d in this p a p e r . If the fi'S are DIRAC ¿ - f u n c t i o n s and 
each m e m b e r o f the s u m is m u l t i p l i e d b y s o m e w e i g h t 
fac tor , eq . (5 ) r e d u c e s to the b a s i c e q u a t i o n of the l o ca l 
energy m e t h o d . 

9 T h e results l isted in T a b l e 1 w e r e c a l c u l a t e d b y cho i ce ( b ) 
of f oo t -note 4 . C h o i c e (a) gave o n l y very s l ight ly di f ferent 
results. 

10 C. L . PEKERIS, Phys . R e v . 115 , 1216 [ 1 9 5 9 ] . 


